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We write throughout e(x) = e2πix and q = e(τ).

Problem 1

Show that the Eisenstein series Gk ∈ Mk are Hecke eigenforms, i.e. TnGk =
λnGk for all n with λn ∈ C.

Problem 2

Let A be a finite abelian group and Q : A→ Q/Z be a quadratic form on A, i.e.
Q(xa) = x2Q(a) for all x ∈ Z and a ∈ A and the map (·, ·) : A×A→ Q/Z defined
by (x, y) = Q(x + y) −Q(x) −Q(y) is bilinear and non-degenerate, i.e. (x, y) = 0
for all y ∈ A implies that x = 0. (We call such a pair (A,Q) a finite quadratic
module.)

1. Let S and T be the two generators of Mp2(Z) given by

S :=

((
0 −1
1 0

)
,
√
τ

)
and T :=

((
1 1
0 1

)
, 1

)
.

We denote by s and t the linear operators on C[A], such that

tex = e(Q(x))ex

and

sex =
1√
|A|

∑
y∈A

eye(−(x, y))

for a constant σ ∈ C. Show that if we let ρ(T ) = t and ρ(S) = σs for a
constant σ ∈ C, then this defines a representation of Mp2(Z) on C[A] if and
only if

σ =
1√
|A|

∑
x∈A

e(−Q(x))

and σ has to be an 8-th root of unity (we will see that this holds later in
class).

2. Compute the constant σ in the case that A = L′/L for L = Zn with quadratic
form Q(x) =

∑n
i=1 x

2
i (and confirm that it is an 8-th root of unity).

Problem 3

Let L be an even lattice and let S = ((λi, λj)) be the Gram matrix of a basis of
L. Show that

|det(S)| = |L′/L|.
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Problem 4

Let (V,Q) be a quadratic space over R of type (a, b) and let v1, . . . , vn (n = a+b)
be a basis of V , such that |(vi, vj)| = δi,j . Let Λ be the lattice spanned by these
vectors. Recall that we normalized the measure on V so that the volume of V/Λ is
one.

1. Show that if b = 0, then the Fourier transform of e−2πQ(x) is e−2πQ(x).

2. Let v ∈ V . The Fourier transform of f(x+ v) is equal to e((x, v))f̂(x).

3. The Fourier transform of f(ax) is equal to a−nf̂(x/a) for a > 0.

4. Prove Theorem 20, the theta transformation formula: If L is an even, positive
definite lattice of rank n, then

ΘL+µ(−1/τ) =
e(−n/8)√
|L′/L|

∑
ν∈L′/L

e(−(µ, ν))ΘL+ν .

Problem 5

Let n = 4n′ for a positive integer n′ and V = Qn with quadratic form

Q(x) =
1

2

n∑
i=1

x2i ,

so that (x, y) =
∑n
i=1 xiyi.

Let Λ0 = Zn and Λ1 = {x ∈ Λ0 | (x, x) ≡ 0 mod 2}.
1. Λ1 is a sublattice of Λ0 of index 2.

2. Let En ⊂ V be the submodule of V generated by Λ1 and (1
2 , . . . ,

1
2 ). Show

that

En =

{
x ∈ Zn ∪ (Z +

1

2
)n |

n∑
i=1

xi ≡ 0 mod 2

}
.

3. Show that if n′ is even (i.e. n ≡ 0 mod 8), then E′n = En (i.e. En is
unimodular) and the theta function of En is a modular form (scalar valued)
for SL2(Z).

4. We say that two lattices (L,Q) and (M,Q′) are isomorphic (or isometric)
if there is an isomorphism of Z-modules φ : L → M , such that Q′(φ(x)) =
Q(x). Show that if L and M are isomorphic lattices, then ΘL(τ) = ΘM (τ).

5. Show that L1 = E8 ⊕ E8 is not isomorphic to L2 = E16 but the theta
functions of L1 and L2 agree. Determine the theta functions of E8, L1 and
L2 explicitly.

6. Let L be an even unimodular lattice of rank r. The theta function for L can
be written as

ΘL(τ) =

∞∑
n=0

rL(n)qn,

where rL(n) is the representation number

rL(n) = {λ ∈ L | Q(λ) = n}.
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Show that there is a constant, such that

rL(n) ≤ Cnr/2−1.

Problem 6

Let
ϑ1(τ) =

∑
n∈Z

qn
2/2,

ϑ2(τ) =
∑
n∈Z

(−1)nqn
2/2,

and
ϑ3(τ) =

∑
n∈Z

q(n+1/2)2/2.

1. Show that
∆(τ) = 2−8(ϑ1(τ)ϑ2(τ)ϑ3(τ))8.

2. Show that

∆(τ) = q

(∑
n∈Z

(−1)nq(3n
2+n)/2

)24

.

Numbers of the form (3n2 + n)/2 are called pentagonal numbers.


